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Abstract. We study the section conjecture of anabelian geometry and 
the sufficiency of the finite descent obstruction to the Hasse principle for 
the moduli spaces of principally polarized abelian varieties and of curves 
over number helds. For the former we show that the section conjecture 
fails and the hnite descent obstruction holds for a general class of adelic 
points, assuming several well-known conjectures. This is done by relating 
the problem to a local-global principle for Galois representations. For the 
latter, we show how the sufficiency of the finite descent obstruction implies 
the same for all hyperbolic curves. 

1 Introduction 

Anabelian geometry is a program proposed by Grothendieck ( [T71 [18] ) which 
suggests that for a certain class of varieties (called anabelian but, as yet, 
undefined) over a number field, one can recover the varieties from their etale 
fundamental group together with the Galois action of the absolute Galois 
group of the number held. Precise conjectures exist only for curves and some 
of them have been proved, notably by Mochizuki ([3T|). Grothendieck sug¬ 
gested that moduli spaces of curves and abelian varieties (the latter perhaps 
less emphatically) should be anabelian. Already Ihara and Nakamura [21] 
have shown that moduli spaces of abelian varieties should not be anabelian 

Keywords: Anabelian geometry, moduli spaces, abelian varieties, descent obstruction. 
Mathematical subject classification: Primary 11G35; Secondary:14G05,14G35 


1 


as one cannot recover their automorphism group from the fundamental group 
and we will further show that other anabelian properties fail in this case. 

The hnite descent obstruction is a construction that describes a subset of 
the adelic points of a variety over a number held containing the closure of the 
rational (or integral) points and is conjectured, for hyperbolic curves (Stoll, 
[IS] in the projective case and Harari and Voloch [2T] in the affine case) to 
equal that closure. It’s not unreasonable to conjecture the same for all an- 
abelian varieties. The relationship between the hnite descent obstruction and 
the section conjecture in anabelian geometry has been discussed by Harari 
and Stix [20], Stix [18], Section 11 and others. We will review the relevant 
dehnitions below, although our point of view will be slightly diherent. 

The purpose of this paper is to study the section conjecture of anabelian 
geometry and the hnite descent obstruction for the moduli spaces of princi¬ 
pally polarized abelian varieties and of curves over number helds. For the 
moduli of abelian varieties we show that the section conjecture fails in gen¬ 
eral and that both the section conjecture and hnite descent obstruction hold 
for a general class of adelic points, assuming many established conjectures 
in arithmetic geometry (specihcally, we assume the Hodge, Tate, Fontaine- 
Mazur and Grothendieck-Serre conjectures, in the precise forms stated in 
section |3|). This is done by converting the question into one about Galois 
representations. 

The section conjecture predicts that sections of the fundamental exact 
sequence (Section |21 eq. H]) of an anabelian variety over a number held cor¬ 
respond to rational points. In this paper, we look at the sections of the 
fundamental exact sequence of the moduli spaces of principally polarized 
abelian varieties that, locally at every place of the ground held come from 
a point rational over the completion, which moreover is integral for all but 
hnitely many places. This set is denoted So{K,Ag) and dehned precisely at 
the end of Section |2l We explain, in section [3l how sections of the funda¬ 
mental exact sequence of the moduli spaces of principally polarized abelian 
varieties correspond to Galois representations and prove. Theorem 13.71 the 
following result. 

Theorem 1.1 Assume the Hodge, Tate, Fontaine-Mazur, and Grothendieck- 
Serre conjectures. Let K be a number field. Suppose s G So{K,Ag) gives rise 
to a system of i-adic Galois representations one of which is absolutely irre¬ 
ducible. Then there exists, up to isomorphism, a unigue principally polarized 
abelian variety which, viewed as point ofAg{K), induces (up to conjugation) 
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the section s. 


We also give examples (see Theorems 14.41 and 14.5p showing that weaker 
versions of the above resnlt do not hold. Specihcally, the local conditions 
cannot be weakened to hold almost everywhere, for instance. 

For the modnli of cnrves, we show how combining some of onr resnlts and 
assnming snfficiency of hnite descent obstrnction for the modnli of cnrves, we 
dednce the snfficiency of finite descent obstrnction for all hyperbolic cnrves. 

In the next section we give more precise definitions of the objects we nse 
and in the following two sections we give the applications mentioned above. 

2 Preliminaries 

Let X/K be a smooth geometrically connected variety over a field K. Let 
Gk be the absolnte Galois gronp of K and X the base-change of X to an 
algebraic closnre of K. We denote by 7ri(.) the algebraic fnndamental gronp 
fnnctor on (geometrically pointed) schemes and we omit base-points from 
the notation. We have the fnndamental exact seqnence 

1^tii{X)^tii{X)^Gk^I- ( 1 ) 

The map px '■ 7ri(X) —)■ Gk from the above seqnence is obtained by fnnctori- 
ality from the strnctnral morphism X —)• SpeciL. Grothendieck’s anabelian 
program is to specify a class of varieties, termed anabelian, for which the va¬ 
rieties and morphisms between them can be recovered from the correspond¬ 
ing fnndamental gronps together with the corresponding maps px when the 
gronnd field is finitely generated over Q. As this is very vagne, we single 
ont here two special cases with precise statements. The first is a (special 
case of a) theorem of Mochiznki [31] which implies part of Grothendieck’s 
conjectnres for cnrves bnt also extends it by considering p-adic fields. 

Theorem 2.1 (Mochizuki) Let X,Y be smooth projective curves of genus 
bigger than one over a field K which is a subfield of a finitely generated 
extension o/Qp. If there is an isomorphism from vri(X) to vri(y') inducing 
the identity on Gk via Px,Py, then X is isomorphic to Y. 

A point P G X{K) gives, by fnnctoriality, a section Gk — t t^i{X) of the 
fnndamental exact seqnence ([T|) well-defined np to conjngation by an element 
of vri(X) (the indeterminacy is becanse of base points). 
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We denote by H{K,X) the set of sections Gk —^ 7ri(X) modulo conju¬ 
gation by vri(W) and we denote by <Jx/k ■ X{K) —)■ H{K,X) the map that 
associates to a point the class of its corresponding section, as above, and we 
call it the section map. As part of the anabelian program, it is expected 
that (Tx/K is a bijection if X is projective, anabelian and K is hnitely gen¬ 
erated over its prime held. This is widely believed in the case of hyperbolic 
curves over number helds and is usually referred as the section conjecture. 
For a similar statement in the non-projective case, one needs to consider the 
so-called cuspidal sections, see [H], Section 18. Although we will discuss 
non-projective varieties in what follows, we will not need to specify the no¬ 
tion of cuspidal sections. The reason for this is that we will be considering 
sections that locally come from points (the Selmer set dehned below) and 
these will not be cuspidal. 

We remark that the choice of a particular section sq : Gk —^ 
induces an action of Gk on 7ri(A'),a; i—)■ so(7)3^so(7)~^- For an arbitrary 
section s : Gk —^ the map 7 1 —)■ 5 ( 7 ) 30 ( 7 )“^ is a 1-cocycle for the 

above action of Gk on vri(X) and this induces a bijection H^{Gk, 7J'i(-A)) —)■ 
H{K,X). We stress that this only holds when H{K,X) is non-empty and a 
choice of sq can be made. It is possible for H{K,X) to be empty, in which 
case there is no natural choice of action of Gk on 7ri(X) in order to dehne 
hf7ri(X)) which would be non-empty in any case, if dehned. 

Let X/K be as above, where K is now a number held. If n is a place 
of K, we have the completion and a hxed inclusion K C induces 
a map : Gk^ Gk and a map (3y : 7ii{Xy) 7ri(X), where Xy is 
the base-change of X to Ky. We dehne the Selmer set of X/K as the set 
S{K,X) C H{K,X) consisting of the equivalence classes of sections s such 
that for all places v, there exists Py G X{Ky) with s o ay = (3y o ax^ /K^{Pv)- 
Note that if v is complex, then the condition at v is vacuous and that if 
V is real, ctxvIKv factors through X{Ky),, the set of connected components 
of X{Ky), equipped with the quotient topology (see [32l EQ]). In the non- 
archimedian case, X{Ky) is totally disconnected so X{Ky) = X{Ky), and 
we have the following diagram: 


S{K,X) C 


X{K)- 

^X/K 

H{K,X) 


Yl<^Xy/Ky 

YlH{Ky,Xy). 


D Xf 
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We define the set X-f (the hnite descent obstruction) as the set of points 
{Pv)v ^ which there exists s G H{K,X) (which is then neces¬ 

sarily an element of S{K,X)) satisfying soa^ = /3^oc^x„/ic„(-P^.) for all places 
V. Also, it is clear that the image of X{K) is contained in X^. At least when 
X is proper, X-^ is closed (this follows from the compactness of H{K,X), 
pS] . Cor. 45). In that case, one may consider whether the closure of the 
image of X{K) in Y\X{K^), equals X^. A related statement is the equality 
ax/K{,X{K)) = S{K,X), which is implied by the “section conjecture”, i.e., 
the bijectivity of ax/K ■ X{K) H{K,X). As a specihc instance of this 
relation, we record the following easy fact: 

Proposition 2.2 We have that X^ = ^ if and only if S{K, X) = 0. 

Proof. If X-f 7 ^ 0 and (P„) G X-f, then there exists s G S{K,X) with 
s o Uy = (3^ o (Tx„/ic„(Pu) for all places v, so S{K, X) 7 ^ 0. 

If s G S{K,X), there exists (P„) with s o = (3^ o ax^/xS^v) for all 
places V. So (P^) G X-f. □ 

If X is not projective, then one has to take into account questions of 
integrality. We choose an integral model X/Os,K i where S' is a hnite set of 
places of K and Os,k is the ring of S'-integers of K. The image of X{K) 
in X'f actually lands in the adelic points which are the points that satisfy 
Py G X(Oy) for all but hnitely many v, where Oy is the local ring at v. 
Similarly, the image of ax/x belongs to the subset of S{K,X) where the 
corresponding local points Py also belong to X(Oy) for all but hnitely many 
V. We denote this subset of S(K,X) by S'o(X, X) and call it the integral 
Selmer set. We note that S'o(X, X) is independent of the choice of the model 
A. 

We recall here some basic notions about the Tate module of abelian vari¬ 
eties which will be used in the next two sections, in order to set notation. If 
A is an abelian variety over the held K then we write End (A) for its ring of 
all X-endomorphisms and End°(A) for the corresponding (hnite-dimensional 
semisimple) Q-algebra End(A) 0 Q. If n > 3 is an integer that is not divis¬ 
ible by char(X) and all points of order n on A are dehned over K then, by 
a theorem of Silverberg [H] , all X-endomorphisms of A are dehned over X, 
i.e., he in End(A). 

If £ is a prime diherent from char(X) then we write Ti{A) for the Z^-Tate 
module of A which is a free Z^-module of rank 2dim (A) provided with the 
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natural continuous homomorphism 


pi,A '■ Gk —t 

and the Z^-ring embedding 

ei : End(A) En<lj,^{T(,{A)). 

The image of End(y4) (g) Z^ commutes with Pi,A{GK)- Tensoring by (over 
'Ll), we obtain the Q^-Tate module of A 

V(,{A) = Ti{A) Qi, 

which is a 2dim (A)-dimensional Q^-vector space containing 

Ti(A) = Ti(A) 0 1 

as a Z^-lattice. We may view pi^A as an £-adic representation 

Pi,A '■ Gk AMtzi{Ti{A)) c AutQ^(V£(A)) 

and extend ei by Q^-linearity to the embedding of Q^-algebras 

End°(A) (g)Q Qf = End(A) <8 EndQ^(V^(A)), 

which we still denote by e^. Further we will identify End°(A) <g)QQ£ with its 
image in EndQ^(V^(A)). 

This provides Vi{A) with the natural structure of Gx-niodule; in addition, 
End°(A) 0Q is a Q^-(sub)algebra of endomorphisms of the Galois module 
Vi{A). In other words, 

End°(A) (g)Q C Endc^f (V^(A)). 

3 Moduli of abelian varieties 

The moduli space of principally polarized abelian varieties of dimension g 
is denoted by Ag. It is actually a Deligne-Mumford stack or orbifold and 
we will consider its fundamental group as such. For a general dehnition of 
fundamental groups of stacks including a proof of the fundamental exact 
sequence in this generality, see |57|. For a discussion of the case of Ag, see 
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[T^ . We can also get what we need from [21] (see below) or by working with 
a level strnctnre which bring us back to the case of smooth varieties. 

As Ag is dehned over Q, we can consider it over an arbitrary number 
field K. As per our earlier conventions, Ag is the base change of Ag to 
an algebraic closure of Q and not a compactification. In fact, we will not 
consider a compactihcation at all here. The topological fundamental group 
of Ag is the symplectic group Sp 2 g{'Z) and the algebraic fundamental group is 
its profinite completion. When g > 1 (which we henceforth assume) Sp 2 g{’^) 
has the congruence subgroup property ([2],[30]) and therefore its profinite 
completion is Sp 2 g{^). 

The group T^i{Ag) is essentially described by the exact sequences (3.2) and 
(3.3) of [21] and it follows that the set H{K, Ag) consists of Z representations 
of Gk of rank 2g preserving the symplectic form up to a multiplier given by 
the cyclotomic character. Indeed, it is clear that every section gives such 
a representation and the converse follows formally from the diagram below, 
which is a consequence of (3.2) and (3.3) of [21]. 

In the following we denote the cyclotomic character by y : Gk —>■ Z*. 

1-TTl (Ag) -TTl (Ag) -^ Gk -^ 1 

^ X 

1 -- Sp2g{±) -- GSp2g{±) -- Z* -- 1. 

The coverings of Ag corresponding to the congruence subgroups of Sp 2 gi^) 
are those obtained by adding level structures. In particular, for an abelian 
variety A, aj^^iK{,A) = the product of its Tate modules considered, 

as usual, as a Gii:-module. If A' is a number held, whenever two abelian va¬ 
rieties are mapped to the same point by then they are isogenous, by 

Faltings ([iQ]). The hniteness of isogeny classes of polarized abelian varieties 
over K [10] (see also [55]) implies that for any given K and g every hber 
of (yAgiK is hnite. On the other hand, (yAgiK is not necessarily injective to 
So^K^Ag)^ see Sect. [5l For example, for each g there exists K with non- 
injective OAglK- Regarding surjectivity, we will prove that those elements 
of So{K,Ag) for which the corresponding Galois representation is absolutely 
irreducible (see below for the precise hypothesis and theorem 13.71 for a pre¬ 
cise statement) are in the image of CAgiK, assuming the Fontaine-Mazur 
conjecture, the Grothendieck-Serre conjecture on semi-simplicity of Gadic 
cohomology of smooth projective varieties, and the Tate and Hodge conjec- 
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tures. The integral Selmer set So{K,Ag), defined in the previous section, 
corresponds to the set of Galois representations that are almost everywhere 
unramified and, locally, come from abelian varieties (which thus are of good 
reduction for almost all places of K) and we will also consider a few variants 
of the question of surjectivity of c^AglK to So{K,Ag) by different local hy¬ 
potheses and discuss what we can and cannot prove. A version of this kind 
of question has also been considered by B. Mazur [2^] . 

Here is the setting. Let K he a number field, with Gk = Gal{K/K). 
Fix a finite set of rational primes S, and consider a collection of continuous 
Gadic representations 


{pe- Gk GLAr(Q£)}£^ 5 . 

We will say that the collection {peje^s is weakly compatible if there exists a 
finite set of places S of iF such that 

I. for all i ^ S, Pc is unramified outside the union of S and the places 
of K dividing i; and 

II. for all u ^ S U denoting by fry a (geometric) frobenius element at 
V, the characteristic polynomial of pi{fry) has rational coefficients and 
is independent of £ ^ S'. 0 

We will assume {pt}i^s is weakly compatible in this sense and moreover 
satisfies the following three conditions: 

1. For some prime £o ^ S, pi^ is de Rham at all places of K above Iq. 

2. For some prime G ^ S, pi^ is absolutely irreducible. 

3. For some prime G ^ S, and at least one place vlG of K, i® 

Rham with Hodge-Tate weights —1, 0, each with multiplicity (Note 
that this condition holds if there exists an abelian variety Ay/Ky such 
that Pi^Igk, = VeGA)- 

We note that the G need not be distinct, and in fact in the anabelian ap¬ 
plication (Theorem 13.7p they can all be taken to be equal; we have phrased 
things this way to have hypotheses that most clearly match the form of the 
argument. 

Our aim is to prove the following: 

^These systems were introduced by Serre [43], who called them strictly compatible. 



Theorem 3.1 Assume the Hodge, Tate, Fontaine-Mazur, and Grothendieck- 
Serre conjectures, and suppose that the set S is empty. Then there exists an 
abelian variety A over K such that pi = Vi{A) for all i. 

We begin by making precise the combined implications of the Grothendieck- 
Serre, Tate, and Fontaine-Mazur conjectures (the Hodge conjecture will only 
be used later, in the proof of Lemma [3.51) . For any field k and characteristic 
zero field E, let A4k,E denote the category of pure homological motives over 
k with coefficients in E (omitting E from the notation will mean = Q). 

Lemma 3.2 Assume the Tate conjecture for all finitely-generated extensions 
k of Q. Then: 

1. The Lefschetz Standard Conjecture holds for all fields of characteristic zero. 

2. All of the Standard Conjectures (namely, the Kiinneth and Hodge Standard 
Conjectures, and the agreement of numerical and homological eguivalence) 
hold for all fields of characteristic zero. 

3. For any field k that can be embedded in C, the category Mk is a semi-simple 
neutral Tannakian category over Q. 

4 . For any finitely-generated k/Q, the etale i-adic realization functor 

■^k,Qe — t RepQ^(Gfc), 

valued in the category of continuous i-adic representations of Gk, is fully 
faithful. 

Proof. For the first assertion, see, eg, [H 7.3.1.3]); for the second, see 
[U 5.4.2.2]. The third part is the basic motivating consequence of the Stan¬ 
dard Conjectures (a fiber functor over Q is given by Betti cohomology, after 
fixing an embedding k ^ <C)\ see [251 Corollary 2], especially for the semi¬ 
simplicity claim. Finally, for the last part, fullness is the Tate conjecture; 
and faithfulness follows from the agreement of numerical and homological 
equivalence and [501 Lemma 2.5] (note that faithfulness on Alfc is simply 
by dehnition of homological equivalence: it is only with Q^-coefficients that 
some argument is needed). □ 

For the rest of this section, we assume the Tate conjecture for all finitely- 
generated k of characteristic zero. Thus, we have a motivic Galois formalism: 
M.k,E is equivalent to Hep{Qk,E) for some pro-reductive group Qk,E over E, 
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the equivalence depending on the choice of an E'-linear hber functor. We will 
implicitly £x an embedding k ^ C and use the associated Betti realization 
as our hber functor. Before proceeding, we introduce two pieces of notation. 
For an extensions of helds k'/k, we denote the base-change of motives by 

(•)U'- ■^k,E —t Mk',E- 

This is not to be confused with the change of coefficients. Fix an embedding 
t: Q Q^, so that when is a subheld of Q we can speak of the f'-adic 
realization 

: ■Mk,E RepQ^(Gfc) 

associated to i. 

Now we turn to the case of number helds, i.e. k = K. The Tate con¬ 
jecture alone does not suffice to link Galois representations with motives: it 
yields full faithfulness of the Gadic realization (as in Lemma [3.2p . but does 
not characterize the essential image. This is done via the combination of the 
Fontaine-Mazur and Grothendieck-Serre semi-simplicity conjectures, which 
we now recall. Recall that a semi-simple representation Gk —t GL 7 v(Q£) 
is said to be geometric (in the sense of Fontaine-Mazur: [13]) if it is unramihed 
outside a hnite set of places of K, and if for all n|£ of K, the restriction 
is de Rham (equivalently, potentially semi-stable, as in the original formula¬ 
tion). See (mu] for the dehnition and basic properties of deRham represen¬ 
tations. Fontaine and Mazur have conjectured that any irreducible geometric 
ri is isomorphic to a sub-quotient of Qe){j) for some smooth projec¬ 

tive variety XjK and some integers i and j; that the converse assertion holds 
is a consequence of the base-change theorems of etale cohomology m) and 
Fallings’ p-adic de Rham comparison isomorphism ([I2|)- Grothendieck and 
Serre have moreover conjectured that for any smooth projective X/K, and 
any integer i, H^{Xj^,Qi) is a semi-simple representation of Gk- Putting all 
of these conjectures together, we can characterize the essential image of Ffp 

Lemma 3.3 Assume the Tate, Fontaine-Mazur, and Grothendieck-Serre con¬ 
jectures. Let ri: Gk GLAr(Q£) be an irreducible geometric Galois repre¬ 
sentation. Then there exists an object M of such that 

re ^Q,Qe = H,{M). 

More generally, the essential image of consists of all semi-simple geomet¬ 
ric representations (with coefficients in Q^) of Gk- 
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Proof. The Fontaine-Mazur conjecture asserts that for some smooth pro¬ 
jective variety X/k, is a sub-quotient of H\X-i^,Qi)(j) for some integers 
i and j, and the Grothendieck-Serre conjecture implies this sub-quotient is 
in fact a direct summand. Under the Kiinneth Standard Conjecture (a con¬ 
sequence of our hypotheses by Lemma 13^ . Aix has a canonical (weight) 
grading, and we denote by W{X) the weight i component of the motive of 
X. The Tate conjecture then implies fLemma I3.2p that 

Hr. Etid«, ®qQ, ^ EndQje^i (2) 

is an isomorphism. 

Now, there is a projector (of Q£[GK]-niodules) Qe){j) U, which 

combined with Equation ([2]) yields a projector in End_A^^(iL*(X)(j)) 
whose image has Gadic realization r^. But Endx^(iL*(X)(j)) is a semi¬ 
simple algebra over Q iLemma 13.2p . which certainly splits over Q, so the 
decomposition of iL*(X)(j) into simple objects of already realized 

in 

For the final claim about the essential image (which we do not use in 
what follows), it suffices to show an irreducible r^: —>■ GLjylQ^) lies in 

the essential image. Such an is defined over a finite extension of and can 
thus be regarded as a higher-dimensional geometric representation rg with Q^- 
coefficients, necessarily semi-simple. By the first part of the lemma, r£0Q^Q^ 
is isomorphic to H^{M) for some M G and by the Tate conjecture 

there is a projector in End(M) Gq inducing the canonical (adjunction) 
projector -» r^. Arguing as before (a simple object of arises 

by scalar-extension from one of AI^q), we see that is in the essential image 
of H,. ’ □ 

Returning to our particular setting, fix any Iq ^ S as in our first condition 
on the compatible system and also fix an embedding ig: Q Q 4 , 

so that Lemma [3.31 provides us with a number field (the linear combinations 
of correspondences needed to cut out a given object of have coefficients 

in a finite extension of Q) E C Q (which we may assume Galois over Q) and a 
motivic Galois representation p: Qk,e —t GLat,^ such that = p^GiQ^. 

Let us denote by Aq the place of E induced by E C Q Q^. Then for all 
finite places A of E (say A|£), and for almost all places v of K, compatibility 
gives us the following equality of rational numbers (note that px denotes the 

^In fact, it is realized over the maximal CM subfield of Q: see e.g. EH Lemma 4.1.22]. 
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A-adic realization of the motivic Galois representation p, while pi denotes the 
original Gadic representation in our compatible system): 

tr(PA(/G)) = tiipxoifry)) = tT{pe^{fry)) = tr(p^(/r^). 

Here we use the fact that the collection of Gadic realizations of a motive form 
a (weakly) compatible system; this follows from the Lefschetz trace formula, 
in its ‘formal’ version for correspondences (see for instance [TJ 3.3.3, 7.1.4]). 
We deduce as usual (Brauer-Nesbitt and Chebotarev) that pf E\=p\] 
this holds for all A for which makes sense, i.e. for all A above £ ^ S. 

Recall that for some £i ^ S, we have assumed p^j is absolutely irreducible; 
hence for any place Ai of E above £i, the previous paragraph shows that 
PAi — Ph®E\^ is absolutely irreducible. A fortiori, p is absolutely irreducible, 
and then by the Tate conjecture all p\ are absolutely irreducible, so we 
can upgrade the conclusion of the previous paragraph to an isomorphism of 
absolutely irreducible representations pi Ex = px, for all £ ^ S. 

The next question is whether having each (or almost all) px in fact dehn- 
able over forces p to be dehnable over Q. Since the px descend to Q^, the 
Tate conjecture implies that for all a G Gal(i7/Q), ‘’’p = p; and since End(p) 
is E, the obstruction to descending p to a Q-rational representation of Qk is 
an element obsp of i7^(Gal(i7/Q), PGLjv(E)). 

Lemma 3.4 With the notation above, obsp in fact belongs to 

ker {h\GA{E/Q),FGLm{E)) -> l[H\Gal{Ex/Qe),PGLN{Ex) 

\ e^s 

In particular, if S is empty, then p can be defined over Q. 

Proof. We know that each of the A-adic realizations px (for \\£ ^ S) can 
be dehned over Q^; to prove the lemma, we need to verify that the canonical 
localizations of obsp (which arise by extending scalars on the motivic Galois 
representation) are in fact given by the corresponding obstruction classes for 
the A-adic realizations. Thus, we have to recall how these realizations are 
constructed from p itself. The surjection Qk -» Gk admits a continuous 
section on Q^-points, Gk —^ Qk{Qi)', composition with pGiE^x yields px- 

p\ 

Gk ^7^ ^^(Q^)^^-^ Qk,e{Ex) -^^^GhK{Ex). 
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By construction of the respective obstruction classes, the canonical map from 
endomorphisms oi p Ex to those of px realizes the obstruction class for 
px as the localization of obsp at Gal(ii^A/Q£)- But we have seen that px can 
be dehned over Q^, so we conclude that obsp has trivial restriction to each 
Gal(£^A/Q£), as desired. 

For the hnal claim, note that by Hilbert 90 we can regard obSp as an 
element of 


her if2(Gal(E/Q),E") ^ l[H\Geil{Ex/Qi), E^) 

\ i^s 

If S is empty, then the structure of the Brauer group of Q (which has only 
one inhnite place!) then forces obSp to be trivial. □ 

Proof. [Proof of Theorem 13.Ij From now on we assume S' = 0, so that 
our compatible system {pi\i arises from a rational representation 

P'- Qk —t GLat^q. 

Let M be the rank N object of corresponding to p via the Tannakian 
equivalence. Recall that we are given a prime ^2 and a place v \^2 of K for 
which we are given that ^e Rham with Hodge numbers equal to 

those of an abelian variety of dimension y. All objects oi M.k enjoy the 
de Rham comparison theorem of T 2 -adic Hodge theory’: denoting Fontaine’s 
period ring over Ky by BdR,A'„, and the de Rham realization functor by 
HdR- -M-k —^ Fil^- (the category of hltered iP-vector spaces), we have the 
comparison (respecting hltration and GR-^-action) 



hence 

^dR(M) 0^ Ky = DdR,KAE,,(My). 

The Hodge hltration on HdR{M) therefore satishes 

dimi^ gr° {HdR{M)) = dimR-gr“^ {HdR{M)) = y (3) 

and gr* {HdR{M)) = 0 for i 7 ^ 0 , — 1 . 
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Now we turn to the Betti picture. Recall that to define the fiber functor 
on Mjc we had to fix an embedding K ^ C] we regard K as & subfield 
of C via this embedding. Then we also have the analytic Betti-de Rham 
comparison isomorphism 

Hak{M) C. (4) 

We collect our findings in the following lemma, which relies on an application 
of the Hodge conjecture: 

Lemma 3.5 There is an abelian variety A over K, and an isomorphism of 
motives Hi{A) = M. 

Proof. We see from Equations (jS]) and ([1]) that H-b{M\c) is a polarizable 
rational Hodge structure of type {(0, —1), (—1, 0)}. It follows from Riemann’s 
theorem that there is an abelian variety H/C and an isomorphism of Q-Hodge 
structures Hi{A{C),Q) = Hb{M\c). The Hodge conjecture implies that this 
isomorphism comes from an isomorphism Hi{A) —)■ M\c in Aic- 
For any a 6 Aut(C/Q), we deduce an isomorphism 

^H,{A) ^ = M\c ^ H,iA), 

and again from Riemann’s theorem we see that ‘^A and A are isogenous. 

The following statement will be proven later in this paper. 

Lemma 3.6 Let K, be a countable subfield of the field C and K, the algebraic 
closure of K, in C. Let y be a complex abelian variety of dimension g such 
that for each field automorphism a G Aut(C//C) the complex abelian varieties 
y and its “conjugate” '^y = y Xc,o- C are isogenous. Then there exists an 
abelian variety 3^o over 1C such that C is isomorphic to y. 

It follows from Lemmathat A has a model Aq over Q. The morphism 


HomA.,_(i/i(AQ),M|Q) ^ RomMciHiiA), M\c) 

is an isomorphism, and then by general principles we deduce the existence 
of some finite extension LjK inside Q over which A descends to an abelian 
variety Al, and where we have an isomorphism Hi{Al) —)■ M\l in AAl- 
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Finally, we treat the descent to K itself. We form the restriction of scalars 
abelian variety ResL/KiA^); under the fully faithful embedding 

AV°^ C Mk 

we can think of HifResL/KiAi)) as Indf^(ifi(AL)), where the induction is 
taken in the sense of motivic Galois representations (note that the quotient 
Qk/Ql is canonically Gal(L/iF), so this is just the usual induction from a 
hnite-index subgroup). Frobenius reciprocity then implies the existence of 
a non-zero map M —)■ in M.k- Since M is a simple mo¬ 

tive, this map realizes it as a direct summand in M-k, and consequently 
(full-faithfulness) in as well. That is, there is an endomorphism of 

R^sl/k{Al) whose image is an abelian variety A over K with Hi{A) = M. 
□ 


Proof of Lemma 13.61 We may assume that g > 1. Since K, is also 
countable, we may replace /C by K., i.e., assume that /C is algebraically closed. 
Since the isogeny class of y consists of a countable set of (complex) abelian 
varieties (up to an isomorphism), we conclude that the set Aut(C//C)(y) 
of isomorphism classes of complex abelian varieties of the form {^y \ a G 
Aut(C//C)} is either hnite or countable. 

Our plan is as follows. Let us consider a hue moduli space Ag? over Q of 
^f-dimensional abelian varieties (schemes) with certain additional structures 
(there should be only hnitely many choices of these structures for any given 
abelian variety) such that it is a quasiprojective subvariety in some projective 
space P'^. Ghoose these additional structures for y (there should be only 
hnitely many choices) and let P G Ag^^C) be the corresponding point of our 
moduli space. We need to prove that 

P G Ag^ilC). 

Suppose that it is not true. Then the orbit Aut(C//C)(P) of P is uncountable. 
Indeed, P lies in one of the (iV-|-l) affine charts/spaces that do cover P-^. 
This implies that P does not belong to A^(/C) and therefore (at least) one 
of its coordinates is transcendental over /C. But the Aut(C//C)-orbit of this 
coordinate coincides with uncountable C \ /C and therefore the Aut(C//C)- 
orbit Aut(C//C)(P) of P is uncountable in Ag,?(C). However, for each a G 
Aut(C//C) the point cr(P) corresponds to "^y with some additional structures 
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and there are only finitely many choices for these strnctnres. Since we know 
that the orbit Ant(C//C)(3^) of A’, is, at most, conntable, we conclnde that 
the orbit Ant(C//C)(P) of P is also, at most, conntable, which is not the 
case. This gives ns a desired contradiction. 

We choose as Ag? the modnli space of (polarized) abelian schemes of 
relative dimension g with theta strnctnres of type 6 that was introdnced and 
stndied by D. Mnmford [M]. In order to choose (define) a snitable 6 , let ns 
pick a totally symmetric ample invertible sheaf Co on y [Ml Sect. 2] and 
consider its 8th power C := £q in Pic(A’). Then £ is a very ample invertible 
sheaf that defines a polarization A(£) on y [Ml Part I, Sect. 1] that is an 
isogeny from y to its dnal; the kernel H{C) of A(£) is a finite commntative 
snbgronp of 3^(C) (that contains all points of order 8). The order of H{C) 
is the degree of the polarization. The type 6 is essentially the isomorphism 
class of the gronp H{C) [Ml Part I, Sect. 1, p. 294]. The resnlting modnli 
space Ag? := Ms [Ml Part II, Sect. 6] enjoys all the properties that we nsed 
in the conrse of the proof. □ 

Here is the anabelian application already mentioned in the introdnction: 


Theorem 3.7 Assume the Hodge, Tate, Fontaine-Mazur, and Grothendieck- 
Serre conjectures. Suppose s G So{K,Ag) gives rise to a system of i-adic 
Galois representations one of which is absolutely irreducible. Then there 
exists up to isomorphism a unigue abelian variety B/K with = s. 

Proof. Let ns write si for the Padic representation associated to s; thns 
Si is a representation of Gk on a free Z^-modnle of rank 2g. The hypotheses of 
Theorem 13.11 apply to the compatible system associated to s by assnmption, 
so we obtain an abelian variety A/K (well-defined np to isogeny) whose 
rational Tate modnles W(A) are isomorphic to the given Si Qr (for all 
i). Moreover, the hypotheses also imply that the endomorphism ring of A is 
Z. It remains to see that within the isogeny class of A there is an abelian 
variety B over K whose integral Tate modules Ti{B) are isomorphic to the 
Si (as Z^-representations), i.e. such that aj^^^ixiB) = s. For this, we first 
observe that by [H Proposition 3.3] (which readily generalizes to abelian 
varieties of any dimension), it suffices to show that for almost all £, there is 
an isomorphism Ti{A) = si. Since End(A) = Z, [55l Corollary 5.4.5] implies 
that A[T\ is absolutely simple for almost all £, and hence that for almost all 
£, all Galois-stable lattices in Vi{A) are of the form t^Ti{A) for some integer 
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m; we conclude that Ti{A) is isomorphic to for almost all Thus there 
exists an abelian variety B in the isogeny class of A such that a_Ag/K{B) = s. 
In order to prove the uniqueness of such a -B up to an isomorphism, hrst, 
notice that End(i?) = Z. Second, let C be an abelian variety over K such 
that the 'L(\GKY^odvles Ti{B) and TiiC) are isomorphic for all primes 
This implies that the Z^-ranks of Ti{B) and T^C) coincide and therefore 

dim (B) = dim (C). 

By a theorem of Faltings uni, 

Hom(B,C) = HomG^(r,(B),r,(C)). 

Since Hom(i?, C) is dense in Hom(i?, C) 0 Z^ in the £-adic topology, and 
the set of isomorphisms Ti{B) = T^C) is open in Hom(i?, C) 0 Z^, there 
is a homomorphism (pi G Hom(i?, C) that induces an isomorphism of Tate 
modules Ti{B) = Ti{C). Clearly, ker{(pi) does not contain points of order 
i and therefore is hnite. Since dim(i?) = dim(C), we obtain that (pi is an 
isogeny, whose degree is prime to i. In particular, B and C are isogenous. On 
the other hand, since End(i?) = Z, the group Hom(i?, C) is a free Z-moduIe 
of rank 1. Let us choose 'ip : B ^ C that is a generator of IIom(i?,C). 
Clearly, ip is an isogeny. Since for all primes ^ 

(pi G IIom(i?, C) = h ■ pj, 

deg{'ip) is not divisible by £ and therefore deg('0) = 1, i.e., ip is an isomorphism 
of abelian varieties B and C . 

□ 

Results in the same vein as this corollary have been obtained for elliptic 
curves over Q in [22] and for elliptic curves over function helds in [53] . 


4 Counterexamples 

Now we will construct an example of Galois representation that will provide 
us with examples that show that some of the hypotheses of the above results 
are indispensable. 

Let k he a real quadratic held. Let us choose a prime p that splits in 
k. Now let D be the indehnite quaternion fc-algebra that splits everywhere 
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outside (two) prime divisors of p and is ramified at these divisors. If £ is a 
prime then we have 

D(^QQe= [D k] 0Q [k 0Q Q^]. 

This implies that if i ^ p then D (8)q is either (isomorphic to) the simple 
matrix algebra (of size 2) over a quadratic extension of or a direct sum 
of two copies of of the simple matrix algebra (of size 2) over Q^. (In both 
cases, D 0q is isomorphic to the matrix algebra M 2 (/i; (8 q Q^) of size 2 
over k^qQe.) 

In particular, the image of D 0 q under each nonzero Q^-algebra ho¬ 
momorphism contains zero divisors. 

Let V be an abelian variety over a held L. Suppose that all Z-endomorphisms 
of V are dehned over L and there is a Q-algebra embedding 

D ^ End°(F) 

that sends 1 to 1. This gives us the embedding 

L* Qf C End°(F) 0 q C EndG^iVeiV)). 

Recall that if i ^ p then is isomorphic to the matrix algebra of size 2 

over This implies that there are two isomorphic Qf[GL]-submodules 

W^eiY) and W 2 ,e{Y) in Vi{Y) such that 

VeiY) = W^iiY) © W 2 AY) = WiAY) © W^i^Y) ^ W 2 AY) © W 2 AY). 

If we denote by IV^lY) the Qf[GL]-module IEi,£ then we get an isomorphism 
of modules 

V,(Y)^W,(Y)eW,(Y). 

This implies that the centralizer Endci^iVtiY)) coincides with the matrix 
algebra M 2 (EndGi(IIZ(E))) of size 2 over the centralizer EndGi(IIZ(E)). 

ff I = p then k ©q Qp = Qp © Qp and D ©q Qp splits into a direct sum of 
two (mutually isomorphic) quaternion algebras over Qp. This also gives us a 
splitting of the Galois module Vp(Y) into a direct sum 

Vp{Y) = W,AY)(BW2AY). 

of its certain nonzero Qp[GL]-submodules Wi^piY) and IE 2 ,p(h^)- (Actually, 
dimQpIEi^p = dimQ^MQ.p = dim(F), 
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because Vp(Y) is a free k ( 8 q Qp-module of rank 2dim (Y)/[k : Q] = dim (F) 
[121 Th. 2.1.1 on p. 768].) 

Remark Let L be a finitely generated field of characteristic 0. Suppose 
that D = End'’(y). By Faltings’ results about the Galois action on Tate 
modules of abelian varieties mm, the Gi-module Vi(Y) is semisimple and 

EndG'^(V)(y)) = D Q^. 

This implies that if i p then (the submodule) W(,{Y) is also semisimple 
and 

M2(EndG'^(lTe(F))) = M2(A; 0 q Q^). 

It follows that 

EndGi(R7(y)) = k®Q Qe. 

On the other hand, the Gi-modules Wi^piY) and W 2 ,p(Y) are non-isomorphic. 

According to Shimura (jlS], see also the case of Type II(eo = 2 ) with m = 
1 in [ini Table 8.1 on p. 498] and [3H1 Table on p. 23]) there exists a complex 
abelian fourfold X, whose endomorphism algebra End°(X) is isomorphic to 
D. Clearly, X is dehned over a hnitely generated held of characteristic zero. 
It follows from Serre’s variant of Hilbert’s irreducibility theorem for inhnite 
Galois extensions combined with results of Faltings that there exists a number 
held K and an abelian fourfold A over K such that the endomorphism algebra 
of all .A-endomorphisms of A is also isomorphic to D (see [35l Cor. 1.5 
on p. 165]). Enlarging K, we may assume that all points of order 12 on 
A are dehned over K and therefore, by the theorem of Silverberg, all K- 
endomorphisms of A are dehned over K. Now Raynaud’s criterion ([IS], see 
also [IS]) implies that A has everywhere semistable reduction. On the other 
hand, 

dimQEnd°(y4) = dimQ/l = 8 > 4 = dim (A). 

By [SSI Lemma 3.9 on p. 484], A has everywhere potential good reduction. 
This implies that A has good reduction everywhere. If n is a nonarchimedean 
place of K with hnite residue held k{v) then we write A{v) for the reduction 
of A at n; clearly, A{v) is an abelian fourfold over k{v). If char(K(n)) 7 ^ 2 
then all points of order 4 on A{v) are dehned over k{v)] if char(K(n)) 7 ^ 3 
then all points of order 3 on A{y) are dehned over k{v). It follows from the 
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theorem of Silverberg that all fi;(r;)-endomorphisms of A{v) are dehned over 
k{v). For each v we get an embedding of Q-algebras 

D ^ End°(A) End°(A(v)). 

In particular, End°(y4(n)) is a noncommutative Q-algebra, whose Q-dimension 
is divisible by 8. 

Theorem 4.1 If £ := char(K(n)) ^ p then A{y) is not simple over k{v). 

Proof. We write for the cardinality of k{v). Clearly, is a power of £. 

Suppose that A{v) is simple over k{v). Since all endomorphisms of A{v) 
are dehned over k{v), the abelian variety A{v) is absolutely simple. 

Let TT be a Weil q.u-number that corresponds to the fi:(r’)-isogeny class of 
A{y) [SI1E2]- In particular, vr is an algebraic integer (complex number), all 
whose Galois conjugates have (complex) absolute value ^/qf. In particular, 
the product 

vrt = qv, 

where vf is the complex conjugate of vr. 

Let E = Q(7r) be the number held generated by vr and let Oe be the 
ring of integers in E. Then E contains vf and is isomorphic to the center of 
End°(y4(n)) [511 [52]; one may view End°(y4(n)) as a central division algebra 
over E. It is known that E is either Q, Q(\/£) or a (purely imaginary) CM 
held |S2l p. 97]. It is known (ibid) that in the hrst two (totally real) cases 
simple A{v) has dimension 1 or 2, which is not the case. So, E is a CM held; 
Since dim {A{v)) = 4 and [E : Q] divides 2dim {A{v)), we have [E : Q] = 2,4 
or 8. By [^ p. 96, Th. l(ii), formula (2)] [^, 

8 = 2-4 = 2dim (yl(n))) = dim E(End°(2l(n)) • [E : Qj. 

Since End°(y4(n)) is noncommutative, it follows that E is either an imaginary 
quadratic held and End°(A(n)) is a 16-dimensional division algebra over E or 
E is a CM held of degree 4 and End°(yl(r;)) is a 4-dimensional (i.e., quater¬ 
nion) division algebra over E. In both cases End°(74(r’)) is unramihed at all 
places of E except some places of residual characteristic £ [52l p. 96, Th. 
l(ii)]. It follows from the Hasse-Brauer-Noether theorem that End°(74(n)) 

^In [52] our E is denoted by F while our End°(4(ri)) is denoted by E. 
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is ramified at, at least, two places of E with residual characteristic t. This 
implies that Oe contains, at least, two maximal ideals that he above 1 . 
Clearly, 

71, n e Oe- 

Recall that titi = is a power of i. This implies that for every prime r ^ i 
both TT and tt are r-adic units in E. 

First assume that E has degree 4 and End°(y4(n)) is a quaternion alge¬ 
bra. Then (thanks to the theorem of Hasse-Brauer-Noether) there exists 
a place w oi E with residual characteristic i and such that the localization 
End°(A(n)) ®e is a quaternion division algebra over the tc-adic field Ey^. 
On the other hand, there is a nonzero (because it sends 1 to 1) Q^-algebra 
homomorphism 

D End°(y4(n)) ^ End°(y4(n)) ®e Ey,. 

This implies that End°(R(n)) ®e Ey, contains zero divisors, which is not the 
case and we get a contradiction. 

So, now we assume that E is an imaginary quadratic held and 

dim ^(End°(74(n))) = 16 = 4^. 

In particular, the order of the class of End°(yl(n)) in the Brauer group of E 
divides 4 and therefore is either 2 or 4. 

We have already seen that there exist, at least, two maximal ideals in Oe 
that he above i. Since E is an imaginary quadratic held, the ideal EOl of 
Ol splits into a product of two distinct complex-conjugate maximal ideals 
wi and W 2 and therefore 


Ew^ — Qf, Ey,^ — Q^; [Ey,^ : Q^] — [Eyj^ : Q^] — 1. 


Let 


ord^. : E* ^ Z 


be the discrete valuation map that corresponds to tCj. Recall that qy is a 
power of i, i.e., Qy = for a certain positive integer N. Clearly 


ord^,(£) = 1, ord^,(7r) ord^„,(7^) = ord^„,(g^,) = N. 


By |52l page 96, Th. l(ii), formula (1)], the local invariant of End°(74(n)) at 
Wi is 

ord^,(7r) ord^,(7r) 


ordyJ^{qy 


■ [Ey,. : Q£](modl) = 


N 


(modi). 
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In addition, the sum in Q/Z of local invariants of End°(y4(f)) at Wi and 
W 2 is zero [SSI Sect. 1, Theorem 1 and Example b)]; we have already seen 
that its local invariants at all other places of E do vanish. Using the Hasse- 
Brauer-Noether theorem and taking into account that the order of the class 
of End°(74(v)) in the Brauer group of E is either 2 or 4, we conclude that the 
local invariants of End°(74(r;)) at {wi, W 2 ] are either {1/4 mod 1,3/4 mod 1} 
or {3/4 mod 1,1/4 mod 1} (and in both cases the order of End°(74(r;)) in the 
Brauer group of E is 4) or {1/2 mod 1,1/2 mod 1}. In the latter case it 
follows from the formula for the tCj-adic invariant of End'’(y4(r;)) that 

N 

ord^,(7r) = — = ord^,(7r) 

and therefore tt/tt is a tCj-adic unit for both wi and W 2 - Therefore tt/tt is an 

Uadic unit. This implies that tt/tt is a unit in imaginary quadratic E and 

therefore is a root of unity. It follows that 

2 2 

TT TT TT 

TTtf tf 

is a root of unity. This implies that there is a positive (even) integer m such 
that 

vr™ = ^ Q 

and therefore Q(Tr™) = Q. Let K{v)m be the hnite degree m held extension 
of k{v), which consists of elements. Then tt™ is the Weil g^-number that 
corresponds to the simple 4-dimensional abelian variety A{y) x K{v)m over 
K{v)m- Since Q(tt™') = Q, we conclude (as above) that A{v) x n{v)m has 
dimension 1 or 2, which is not the case. 

In both remaining cases the order of the algebra End°(2l(n)) ®e E^^ in 
the Brauer group of the E^^ = Qi is 4. This implies that End°(2l(n)) <^e E^-^ 
is neither the matrix algebra of size 4 over E^^ nor the matrix algebra of 
size two over a quaternion algebra over E^^. The only remaining possibility 
is that End°(y4(t>)) ®e is a division algebra over However, there is 
again a nonzero (because it sends 1 to 1) Q^-algebra homomorphism 

E* <8q Qt -t End°(H(T;)) -» End°(H(n)) <^e 

This implies that End°(H(n)) <^e E^^ contains zero divisors, which is not the 
case and we get a contradiction. □ 

Theorem 4.2 If £ := char(/T(t;)) 7 ^ p then there exists an abelian surface 
B{v) over k{v) such that A{v) is n{v)-isogenous to the square ofB{v). 
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Proof. We know that A{v) is not simple and that all K(n)-endomorphisms 
of A{v) are defined over k{y). Now let us split A{y) up to a K(n)-isogeny 
into a product of its K(n)-isotypic components, using Poincare Complete 
Reducibility Theorem Th. 6 on p. 28 and Th. 7 on p. 30]. In other 
words, there is a K(n)-isogeny 

S : Ai A{v) 

iei 

where each A^ is a nonzero abelian fi;(n)-subvariety in A such that End°(Ai) 
is a simple Q-algebra and S induces an isomorphism of Q-algebras 

End°(A(t;)) ^ End°(n^*) = ©iG/End°(A). 

i£l 

This gives us nonzero Q-algebra homomorphisms 

D End°(7li) 

that must be injective, since 77 is a simple Q-algebra. This implies that 
each End'^(y4j) is a noncommutative simple Q-algebra, whose Q-dimension is 
divisible by 8. In particular, all dim (Ai) > 2 and therefore I consists of, at 
most, 2 elements, since 

dim (Ai) = dim (A(n)) = 4. 

i&i 

Since all fi:(n)-endomorphisms of A{y) are defined over fc(n), all k{v)- 
endomorphisms of A^ are also defined over ^(n); in addition, if i and j are 
distinct elements of / then every K(n)-homomorphism between Ai and Aj is 

0 . 

If we have dim (Ai) = 2 for some i then either A^ is isogenous to a square 
of a supersingular elliptic curve or Ai is an absolutely simple abelian surface. 
However, each absolutely simple abelian surface over a finite field is either 
ordinary (i.e., the slopes of its Newton polygon are 0 and 1, both of length 
2) or almost ordinary (i.e., the slopes of its Newton polygon are 0 and 1, 
both of length 1, and 1/2 with length 2): this assertion is well known and 
follows easily from [511 Remark 4.1 on p. 2088]. However, in both (ordinary 
and almost ordinary) cases the endomorphism algebra of a simple abelian 
variety is commutative |3Hl Lemma 2.3 on p. 136]. This implies that if 
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dim (Ai) = 2 then Ai is K(n)-isogenous to a square of a supersingular elliptic 
curve. However, if I consists of two elements say, i and j then it follows that 
both Ai and Aj are 2-dimensional and therefore both isogenous to a square 
of a supersingular elliptic curve. This implies that Ai and Aj are isotypic and 
therefore A itself is isotypic and we get a contradiction, i.e., none of Ai has 
dimension 2. It is also clear that if dim (Hj) = 3 then dim(Hj) = 1, which 
could not be the case. This implies that A{v) itself is isotypic. It follows 
that if £ = char(/T;(n)) ^ p then A{v) is fi:(n)-isogenous either to a 4th power 
of an elliptic curve or to a square of an abelian surface over k{v) (recall that 
A{v) is not simple!). In both cases there exists an abelian surface B{v) over 
K(n), whose square B{yY is K(n)-isogenous to A{y). □ 

Let B{v) be as in Theorem 14.21 One may lift the abelian surface B{v) 
over niy) to an abelian surface B^ over whose reduction is B{v) (see [STJ 
Prop. 11.1 on p. 177]). Now if one restricts the action of Gk on the Q^-Tate 
module (here r is any prime different from char(fi:(n)) 

Vr{A) = Tr{A) Qr 

to the decomposition group D{v) = Gk^ then the corresponding Gi 4 :„-module 
Vr{A) is unramified (i.e., the inertia group acts trivially) and isomorphic to 

Vr{B^)(BVr{B^). 

Theorem 4.3 If r ^ p and char(K(n)) ^ r then the GK^-modules Vr{B'^) 
and Wr{A) are isomorphic. In particular, the GK.^-modules 

Vr{A) = Wr{A)®Wr{A) 

and 

v;(H")©v;(5") = K((5")2) 

are isomorphic. 

Proof. We know that the G/^^-modules Wr{A) © Wr{A) and 

Vr{B^)®Vr{B^) 

are both isomorphic to Vr{A). Since the Frobenius endomorphism of A{v) 
acts on Vr{A) as a semisimple linear operator (by a theorem of A. Weil), the 
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Gj^^-module Vr{A) is semisimple. This implies that the Gi^^-modules Vr{B'^) 
and Wr{A) are isomorphic. □ 


For primes i ^ p, the algebra D 0 q splits and correspondingly, the 
representation V£(A) splits as IF^ © IF^. Locally, at a place n f £, we have 
Wi = However, globally, the representation IF^ does not come from 

an abelian variety over K. Indeed, if the G/^-modnle IF^ is isomorphic to 
14 (H) for an abelian variety B over K then dim (B) = 2 and the theorem of 
Faltings implies that there is a nonzero homomorphism of abelian varieties 
B ^ A over K, which is not the case, since the fonrfold A is simple. On 
the other hand, if n | £ then t Vi{A) is a deRliam representation of Gk„ with 
weights 0 and —1, both of mnltiplicity dim (H) = 4. Since a snbrepresentation 
of a deRham representation is also deRham, we conclnde that is deRham. 
It is also clear that IF^ has the same Hodge-Tate weights as 

14(H) = W£®W£ 

bnt the mnltiplicities shonld be divided by 2, i.e., the Hodge-Tate weights of 
H4 are 0 and —1, both of mnltiplicity 2. 

We thus obtain: 

Theorem 4.4 The system of representations constructed above does 

not come globally from an abelian variety defined over the field K but for all 
V \ i the representation H4 locally comes from an abelian variety B""/K^. 
In particular, {IF^j^^p is a weakly compatible system of A-dimensional I-adic 
representations ofCx- 

If V \ i then Wi is locally a deRham representation with Hodge-Tate 
weights 0 and —1, both of multiplicity 2. 

Remark By a theorem of Faltings [10], the G/^'-module Vi{A) is semisim¬ 
ple and therefore its submodule H4 is also semisimple. On the other hand, 
we know that the centralizer 


EndG'j^(H 4 ) — k ©q 7 ^ Q^; 

in particular, none of H4 is absolutely irreducible. In what follows we con¬ 
struct an example of a weakly compatible system (for all £ ^ p) oi absolutely 
irreducible deRham representations that does not come globally from an 
abelian variety over a number held. However, we do not know whether it 
comes locally from abelian varieties. 
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Let p be a prime and if be a definite quaternion algebra over Q that 
is unramified exactly at p and cxo. In particular, for each prime i ^ p the 
Qr algebra 

H Qr = M2(Q^). 

Let > 4 be an even integer. According to Shimura (|16], see also the case 
of Type III(eo = 1) with m = gl2 in [Ml Table 8.1 on p. 498] and |311 Table 
on p. 23]) there exists a complex ^f-dimensional abelian variety X, whose 
endomorphism algebra End°(X) is isomorphic to H. The same arguments as 
above (related to D) prove that there exists a gf-dimensional abelian variety B 
over a certain number field K such that all endomorphisms of B are defined 
over K and End°(i?) = H. In particular, B is absolutely simple. By the 
theorem of Faltings, if £ is a prime then the Gi^-module Vi{B) is semisimple 
and 

EndG^(V£(i?)) = H (8)q Q^. 

In particular, ii f ^ p then EndG^(14(-B)) = M 2 (Q£) and therefore there are 
two isomorphic Q£[Gii']-submodules Ui^i{B) and U2/{B) in Vi{B) such that 

Ve{B) = © U^AB) = U.^B) © U^AB) = U^AB) © U^AB). 

If we denote by Ui the Q£[Gi^]-module UiAB) then dimQ^(fA) = g and we 
get an isomorphism of Q£[Gj^]-modules 

Ve{B) = U,®Ue. 

Clearly, the submodule Uc is semisimple and 

M2(Qf) = H ©Q = EndG^(V)(i?)) = M2(EndG^(fA)). 

This implies that EndG^(fA) = Q^, i.e., the Gadic (sub)representation 

Gk —t AutQ^(fA) = GLg(Qf) 

is absolutely irreducible. Clearly, for each a G Gk its characteristic polyno¬ 
mial with respect to the action on Vi{B) is the square of its characteristic 
polynomial with respect to the action on Ui. This implies that if v is an 
nonarchimedean place v of K where B has good reduction then for all primes 
i ^ p such that V \ i the characteristic polynomial of the frobenius element 
at V with respect to its action on Ui has rational coefficients and does not 
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depend on i. In other words, ^4 is a weakly compatible system of (abso¬ 
lutely irreducible) t'-adic representations. As above, locally for each v \ ^ the 
Gi^„-module V^{B) is deRham with Hodge weights 0 and —1 with weights 
g, which implies that L4 is also deRham with the same Hodge-Tate weights, 
whose multiplicities are g/2. 

Theorem 4.5 The weakly compatible system of g-dimensional absolutely ir¬ 
reducible representations constructed above does not come globally 

from an abelian variety defined over the field K. 

Ifv I i then Ue is locally a deRham representation with Hodge-Tate weights 
0 and —1, both of multiplicity gl2. 

Proof. We claim that none of comes out from an abelian variety over 
K. Indeed, if there is an abelian variety C over K such that the Gi^-modules 
V^{C) and L4 are isomorphic then dim {C) = g 12 and the theorem of Faltings 
implies the existence of a nonzero homomorphism C ^ B, which contradicts 
the simplicity of gf-dimensional B. □ 

5 Almost isomorphic abelian varieties 

Throughout this section, K is a field. A and B are abelian varieties of positive 
dimension over K. Recall that End°(A) = End(A) 0 Q. If £ is a positive 
integer then we write Z(£) for the subring in Q that consists of all the rational 
numbers, whose denominators are prime to We have 

Z C Z(^) = Z<.p|Q c 

(Here the intersection is taken in Q^.) In addition, if m is a positive integer 
that is prime to ^ then 


Z C Z[l/m] C Z(£) C Q. 

The intersection of all Z(£)’s (in Q) coincides with Z. 

In this section we discuss the structure of the right End(A)-module Hom(A, B) 
when the Z^-Tate modules of A and B are isomorphic as Galois modules 
for all i and K is hnitely generated over Q. ^ ^ char(A') and X is 
an abelian variety over K then we write X[^] for the kernel of multiplica¬ 
tion by ^ in X{K). It is well known that X[^] is a hnite Gx-submodule in 
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X{K) of order £ 2 dim(x) there is a natural isomomorphism of G^-niodules 
X[i]^Te{X)/iTe{X). 

Lemma 5.1 Let A and B he abelian varieties of positive dimension over K. 

If A and B are isogenous over K then the right End(74) 0 Q-module 
Hom(/l, 5) 0Q is free of rank 1. In addition, one may ehoose as a generator 
of Hom(yl, B) <S)Q any isogeny (f : A ^ B. 

The following conditions are equivalent. 

(i) The right End(74) 0 Q-module Hom(A, 5) 0 Q is free of rank 1. 

(%%) dim (A) < dim (5) and there exists a dim (A)-dimensional abelian K- 
subvariety Bq C B such that A and Bq are isogenous over K and 

Hom(yl, 5) = Hom(/l,i?o)- 

In particular, the image of every K-homomorphism of abelian varieties 
A ^ B lies in Bq. 

If the equivalent conditions (i) and (ii) hold and dim(i?) < dim (A) then 
dim (A) = dim (B), B = Bq, and A and B are isogenous over K. 

Proof. (a) is obvious. 

Suppose (bii) is true. Let us pick an isogeny (f) : A ^ Bq. It follows 
that Hom(A, Bq) 0 Q = (;/)End°(A) is a free right End°(A)-module of rank 1 
generated by 0. Now (bi) follows from the equality 

Hom(yl, 5) 0 Q = Hom(yl, Bq) 0 Q. 

Suppose that (bi) is true. We may choose a homomorphism of abelian 
varieties 0 : A —)■ i? as a generator (basis) of the free right End(A) 0 Q- 
module Hom(A, B) 0Q. In other words, for every homomorphism of abelian 
varieties : A ^ B there are u G End (A) and a nonzero integer n such that 
mjj = (f)u. In addition, for each nonzero u G End(A) the composition 0m is 
a nonzero element of Hom(A,i?). Clearly, Bq := 4>{A) C i? is an abelian 
iL-subvariety of B with dim {Bq) < dim (A). We have 


n'ip{A) = (l)u{A) C 0(A) C Bq. 



It follows that the identity component of '4^ {A) lies in Bq. Since V^(A) is a 
(connected) abelian i^-subvariety of B, we have 'i4{A) C Bq. This proves that 
Hom(74, i?) = Hom(y4, i?o). On the other hand, if dim (i?o) = dim (A) then 
0 : y4 —)■ i?o is an isogeny and we get (bii) under our additional assumption. 
If dim (Bq) < dim (A) then ker(0) has positive dimension that is strictly less 
than dim(y4). By the Poincare complete reducibility theorem there is an 
endomorphism uq G End(74) such that the image Uq{A) coincides with the 
identity component of ker(0); in particular, uq 7^ 0, uq{A) C ker(0). This 
implies that 0mo = 0 in IIom(yl, B) and we get a contradiction, which proves 
(bii). 

(c) follows readily from (bii). □ 

Lemma 5.2 Suppose that A,B,C are abelian varieties over K of positive 
dimension that are mutually isogenous over K. We view IIom(y4,S) 0 Q 
and IIom(74, O) 0 Q as right End'^(y4) = End(yl) 0 Q-modules. Then the 
natural map 

mB,c ■ Hom(i?, O) 0 Q —)■ HomEjjdO(^)(Hom(y4, B) 0 Q, Hom(74, C) 0 Q) 
that associates to t : B ^ C a homomorphism of right End(A) 0 Q-modules 
'mB,c{T) ■ Hom(74, 5) 0 Q —)■ Hom(y4, C) ® Q^fj ti/j 
is a group isomorphism. 

Proof. Clearly, mB,c is injective. In order to check the surjectiveness, 
notice that the statement is clearly invariant by isogeny, so we can assume 
that B = A and C = A, in which case it is obvious. □ 

Now till the end of this section we assume that iC is a field of characteristic 
zero that is hnitely generated over Q, and A and B are abelian varieties of 
positive dimension over K. By a theorem of Faltings mm, 

Borneo(T,(A), T,(5)) = Hom(kl, 5) ® Z,. (*) 

Lemma 5.3 Let i be a prime. Then the following conditions are eguivalent. 
(i) There is an isogeny (fi ■. A ^ B, whose degree is prime to i. 

(a) The Tate modules T^{A) andTi{B) are isomorphic as TigfC k]-G alois modules. 

If the eguivalent conditions (i) and (ii) hold then the right End(74) 0 
module IIom(y4, B) 0 Z(£) is free of rank 1 and the right End(y4) 0 Ij^-module 
Hom(74, B) 0 Zf is free of rank 1 
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Proof. (i) implies (ii). Indeed, let 0^ : A —)■ S be an isogeny such that its 
degree d := deg(0£) is prime to i. Then there exists an isogeny : B ^ A 
such that (j)i(pi is multiplication by d in 5 and is multiplication by d 
in A. This implies that 0^ induces an Gi^-equivariant isomorphism of the 
ZrTate modules of A and B. 

Suppose that (ii) holds. Since the rank of the free Z^-module Ti{A) (resp. 
Ti{B)) is 2dim (A) (resp. 2dim (B)), we conclude that 2dim (A) = 2dim {B), 
i.e. dim (A) = dim (5). By the theorem of Faltings (*), there is an iso¬ 
morphism of the Z^-Tate modules of A and B that lies in Hom(74, B) <8) Z^. 
Since Hom(y4, B) is dense in Hom(74, B) 0 Z^ in the Gadic topology, and 
the set of isomorphisms T£{A) = Ti{B) is open in Hom(y4, S) 0 Z^, there 
is 0£ G Hom(y4,i?) that induces an isomorphism Ti{A) = T£{B). Clearly, 
ker(0£) does not contain points of order £ and therefore is hnite. This implies 
that 0f is an isogeny, whose degree is prime to £. This proves (i). 

In order to prove the last assertion of Lemma [T3l one has only to observe 
that 0£ G Hom(74, B) C Hom(y4, B) 0 Z(£) C Hom(y4, B) 0 Z^ is a generator 
of the (obviously) free right Z(£)-module Hom(74, B) 0 Z(£) and of the free 
right Z^-module Hom(74, B) 0 Z^. □ 

We say that A and B are almost isomorphic if for all primes £ the equiv¬ 
alent conditions (i) and (ii) of Lemma 15.31 hold. Clearly, if A and B are 
isomorphic over K then they are almost isomorphic. It is also clear that if 
A and B are almost isomorphic then they are isogenous over K. Obviously, 
the property of being almost isomorphic is an equivalence relation on the set 
of (nonzero) abelian varieties over K. 

Corollary 5.4 Suppose that A and B are almost isomorphic. Then A and 
B are isomorphic over K if and only ifllom{A,B) is a free End{A)-modules 
of rank 1. In particular, ifEiad{A) is a principal ideal domain (for example, 
End(74) = Zj then every abelian variety over K, which is almost isomorphic 
to A, is actually isomorphic to A. 

Proof. Suppose Hom(y4, B) is a free End(y4)-module, i.e., there is a homo¬ 
morphism of abelian varieties (f : A ^ B such that Hom(74, B) = 0End(y4). 
We know that for any prime £ there is an isogeny 0£ : A —)■ 5 of degree prime 
to £. (In particular, dim (A) = dim {B).) Therefore there is ui G End (A) with 
0£ = 0M£. In particular, (fii^A) C (j){A) and deg(0£) is divisible by deg(0). 
Since (j)i{A) = B and deg(0£) is prime to £, we conclude that 0(8l) = B (i.e.. 
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0 is an isogeny) and deg(0) is prime to Since the latter is trne for all 
primes i, we conclnde that deg(0) = 1, i.e., 0 is an isomorphism. 

Conversely, if A = B then Hom(y4, B) is obvionsly a free End(y4)-modnle 
generated by an isomorphism between A and B. 

The last assertion of Corollary follows from the well-known fact that every 
hnitely generated modnle withont torsion over a principal ideal domain is 
free. □ 

The next statement is a generalization of Corollary 15.41 

Corollary 5.5 Suppose that A,B,C are abelian varieties of positive dimen¬ 
sion over K that are almost isomorphic to each other. 

Then B and C are isomorphic over K if and only if the right End(y4)- 
modules Hom(y4,i?) andY{om.{A,C) are isomorphic. 

Proof. We know that all A^ B, C are mntnally isogenous over K. Let us 
choose an isogeny (p -. B ^ C. We are given an isomorphism 6 : Hom(y4, B) = 
Hom(yl, C) of right End(y4)-modules that obviously extends by Q-linearity 
to the isomorphism Hom(/l, B) ^ Hom(74, C) 0 Q of right End(A) 0 Q- 
modules, which we continue to denote by 6. By Lemma 15.21 there exists 
To G Hom(i?, C) 0 Q such that 6 = rnB^ci'T'o), be., 

5(0) = ro0 V0 G Hom(y4, B) 0 Q. 

There exists a positive integer n such that r = nr^ G Hom(i?, C) and r is 
not divisible in Hom(i?,C). This implies that 

n ■ Hom(y4, C) = ?7,(5(Hom(74, B)) = ?7,roHom(y4, B) = rHom(74, B). 

Since B and C are almost isomorphic, for each i there is an isogeny cpi : B ^ 
C of degree prime to i. Since ncpi G rHom(74, i?), we conclude that r is an 
isogeny and deg(r) is prime to £ if £ does not divide n. We need to prove that 
r is an isomorphism. Suppose it is not, then there is a prime ^ that divides 
deg(r) and therefore divides n. We need to arrive to a contradiction. Since 
A and B are almost isomorphic, there is an isogeny fji : A ^ B of degree 
prime to ^. We have r0£ G n ■ Hom(2l, C) <Z Hom(y4, C). This implies that 
T kills all points of order i on B and therefore is divisible by i in Hom(i?, C), 
which is not the case. This gives us the desired contradiction. □ 
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Remark Let (resp. 2^(5)) be the the center of End(A) (resp. End(-B)). 
Then Z{A)q := Z{A) (g) Q (resp. Z{B)q := Z{B) (g) Q) is the center of 
End(74) ® Q (resp. End(R) ® Q) and for all primes i the Z(£)-subalgebra 

Z{A)^e) ■= Z(A) (g) Z(£) C Z(A)q C End(gl) ® Q 

(resp. the Z(£)-subalgebra 

Z{B)(t) '■= Z{B) 0 Z(£) C Z{B)q C End(R) 0 Q) 

is the center of End(y4) 0 Z(£) (resp. of End(i?) 0 Z(£)). Every iL-isogeny 
(j) : A ^ B gives rise to an isomorphism of Q-algebras 

itj, : End(74) 0 Q = End(i?) 0 Q, m i—)■ 

such that z^(0(74)q) = Z{B)q and the restriction iz ■ Z{A)q = Z{B)iq of 
to the center(s) does not depend on a choice of 0 |56]. If : A —)■ R is a 
/L-isogeny of degree prime to i then i^^{En(i{A) 0Z(^)) = End(R) 0Z(^) and 
therefore z^(0(y4)(£))) = Z{B)(^£y This implies that if A and B are almost 
isomorphic then iz{Z{A)) coincides with Z{B) and therefore iz dehnes a 
canonical isomorphism of commutative rings Z{A) = Z{B). In particular, if 
End(gl) is commutative then End(R) is also commutative (because End(A)0 
Q and End(R)0Q are isomorphic) and there is a canonical ring isomorphisms 
End(gl) = End(R). 

Until the end of this section, A is a ring with 1 that, viewed as an additive 
group, is a free Z-module of hnite positive rank. In addition, we assume that 
the hnite-dimensional Q-algebra Aq := A 0 Q is semisimple. We write A^ 
(resp. A(f)) for the Z^-algebra A 0 Z^ (resp. for the Z(^)-algebra A 0 Z(£)). 
We have 

A = A 0 1 c A(^) C Aq c A 0 
A c A(^) c A<. c A 0 

In addition, the intersection of A^ and Aq (in A 0 Q^) coincides with A(£). 

Let M be an arbitrary free commutative group of hnite positive rank that 
is provided with a structure of a right A-module. We write Mq for the right 
AQ-module M 0 Q, Mg for the right A-module M and M(£) for the right 
A(£)-module M 0 Z(£). We have 

M = M 0 1 C M(i) C Mq C M 0 Q^, 
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M C M(£) C Mi C M 

In addition, the intersection of Mi and Mq (in M ^Qi) coincides with M(£). 

Definition. We say that M is a locally free right A-module of rank 1 if 
for all primes i the right A^-module Mi is free of rank 1. (See |15j.i 

Theorem 5.6 Let M be a locally free right A-module of rank 1. Then it 
enjoys the following properties. 

(i) M is a projective A-module. More precisely, M is isomorphic to a direct 
summand of a free right A-module of rank 2. 

(a) The right Aq-module Mq is free of rank 1. 

(Hi) The right A(^iymodule M^i) is free of rank 1 for all primes i. 

Proof. Let J(Aq) be the (multiplicative) idele group of Aq, i.e., the group 
of invertible elements of the adele ring of Aq m p. 114], (In the notation 
of [IS, Sect. 2], 0 = Z, K = Q, A = Aq, il = A.) To each a E J{Aq) 
corresponds a certain right A-submoduIe aA C Aq that is a locally free A- 
module of rank 1 and a Z-lattice of maximal rank in the Q-vector space 
Aq, i.e., the natural homomorphism of Q-vector spaces a A 0 Q —)■ Aq is an 
isomorphism [151 P- 114]. This implies that (aA)Q is a free AQ-module of 
rank 1. In addition, the direct sum aA © a~^A is a free right A-moduIe of 
rank 2 m Th. 1 on pp. 114-115]. This implies that a A is isomorphic to a 
direct summand of a rank 2 free module; in particular, it is projective. By 
the same Theorem 1 of [15], every right locally free A-module M of rank 1 
is isomorphic to aA for a suitable a. This proves (i) and (ii). 

Let /o be a generator of the free AQ-module Mq of rank 1. Multiplying 
/o by a sufficiently divisible positive integer, we may and will assume that 
/oGM = M(8)1c Mq. Clearly, the right A ® Q^-module 

M © Q^ = Mq ©q Q^ = Mi ©z^ Q^ 

is free of rank 1 for all primes i and /o is also a generator of M © Q^. It is 
also clear that every generator fi of the A^-module Mi is a generator of the 
A © Qrmodule M © Q^. We claim that there is a generator fi that lies in 
M. Indeed, with respect to the £-adic topology, the subset 

M = M®lcM®Zi = Mi 
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is dense in Mg while the set of generators of the free A^-module Mg is open, 
because the group of units (A^)* is open in A^. This implies that there exists 
a (nonzero) generator G M C Mg of the A^-module Mi. Recall that ft is 
also a generator of the free A ® Q^-module M ® This implies that there 
exists /io G (A 0 Q^)* such that ft = /o/io G M 0 Q^. On the other hand, 
since ft lies in the free rank 1 AQ-module Mq = /qAq, we have po G Aq. 
This implies that po is not a zero divisor in the hnite-dimensional Q-algebra 
Aq (because it is invertible in A 0 Q^) and therefore lies in Aq. It follows 
that ft is also a generator of the free AQ-module Mq of rank 1. 

We want to prove that M(^t) = fe[^’^'^(e)]- (This would prove that M^t) is 
a free right A(£)-module of rank 1 with the generator ft.) For each x G M(^t) 
there exists a unique X E At with x = /A. We need to prove that A G A(£). 
Notice that x G M(£) C Mq. Since ft is a generator of the free AQ-module 
Mq, there exists exactly one po G Aq such that x = //io- We get the 
equalities //xq = x = /p in M 0 Q^. 

Since ft is a generator of the free A 0 Q^-module M 0 Q^, we get p = /iq. 
Since A(^) coincides with intersection of At and Aq in A 0 Q^, we conclude 
that ^ = fiQ E A(^) and therefore x E f[A 0 'Z(t)]. This implies that M^t) is a 
free right A(^) module of rank 1, which proves (iii). □ 

Corollary 5.7 Let M he a free commutative group of finite positive rank 
that is provided with a structure of a right A-module. Then M is a locally 
free A-module of rank 1 if and only if the right A(£)-mod'u/e M(q is free of 
rank 1 for all primes 1. 

Proof. Clearly, if M(£) is a free right A(£)-module of rank 1 then the right 
A^-module Mt is free of rank 1. The converse follows from Theorem 15. bf iiib 
□ 

Remark Suppose that A is an order in a number held E, i.e., A is a hnitely 
generated over Z a subring (with 1) of such that Aq = E. Let M be a 
A-module in E, i.e., a free commutative additive (sub)group of hnite rank in 
E such that M ■ A = M. In particular, Mq = is a free E = AQ-module of 
rank 1. 

(i) If A is the ring of all integers in E then it is a Dedekind ring and each 
of its localizations A^t) is a Dedekind ring with hnitely many maximal 
ideals and therefore is a principal ideal domain [23 Ch. Ill, Prop. 2.12 
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on p.93]. This implies that M(£) is a free A(£)-module, whose rank is 
obviously 1. By Corollary 15.71 M is locally free of rank 1. 

(ii) Suppose that is a quadratic held. We don’t impose any restrictions 
on A but instead assume that EndA(M) = A. Then it is known |2l 
Lemma 2 on p. 55] that for each prime ^ there is a nonzero ideal A C A 
such that the order of the hnite quotient A/A is prime to ^ and the 
A-modules M and A are isomorphic. This implies that the A(£)-module 
J(£) = A(£) is free and therefore the A(£)-module M(£) is also free and its 
rank is obviously 1. By Corollary 15.71 M is locally free of rank 1. 

Now we are going to use Theorem 15.61 in order to construct abelian 
varieties A ® M over K that are almost isomorphic to a given A. Notice 
that our A ® M are a rather special naive case of powerful Serre’s tensor 
construction (0 Sect. 7], [HI Sect. 1.7.4]). 

Suppose we are given a a free commutative group M of hnite (positive) 
rank that is provided with a structure of a right locally free A = End(A)- 
module of rank 1. Let F 2 be a free right A-module of rank 2. It follows 
from Theorem 15. 6l B that there is an endomorphism 7 : T 2 —)■ T 2 of the right 
A-module F 2 such that 7 ^ = 7 and whose image M' = 7 (^ 2 ) is isomorphic 
to M. Notice that EndA(E 2 ) is the matrix algebra M 2 (A) of size 2 over A. 
So, the idempotent 

7 e EndA(E 2 ) = M 2 (A) = M 2 (End(A)) = End(A2) 
where A^ = A x A. Let us dehne the iC-abelian (sub)variety 

B = A®M := 7(^2) C Al 

Clearly, B is a direct factor of A^. More precisely, if we consider the 
TL-abelian (sub)variety C = (1 — j)(A^) C A^ then the natural homomor¬ 
phism B X C ^ A^, {x,y) X + y of abelian varieties over K is an iso¬ 
morphism, i.e., A^ = B X C. This implies that the right End(A)-module 
Hom(A,i?) coincides with 

7 Hom(A, A^) c Hom(A, A^) = End(A) © End(A) = F 2 

and therefore the right End(A)-module Hom(A, B) is canonically isomorphic 
to 7 ( 7 ^ 2 ) = M' = M. It also follows that for every prime £ 

= B[i]. {**) 
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Theorem 5.8 Let us consider the abelian variety B = A®M over K. Then: 
(i) A and B are isogenous over K. 

(a) The right End{A)-module Hom(y4,i?) is isomorphic to M. 

(Hi) A and B are almost isomorphic. 

Proof. We have already seen that Hom(A, 5) = M, which proves (ii). 

Since the right End (A) ® Q-module M ® Q is free of rank 1, the same is 
true for the right End(y4)0Q-module Hom( 74 , B). By Lemma ISTl dim (A) < 
dim [B) and there exists a dim ( 74 )-dimensional abelian iL-subvariety Bq G B 
such that A and Bq are isogenous over K and 

Hom(74, i?) = Hom(74, i?o). (* * *) 

We claim that B = Bq. Indeed, ii Bq ^ B then, by the Poincare Complete 
Reducibility theorem [26[ Th. 6 on p. 28], there is an “almost complimen¬ 
tary” abelian iP-subvariety Bi G B oi positive dimension dim {B) — dim {Bq) 
such that the intersection Bq f] Bi is hnite and Bq + Bi = B. It follows from 
(***) that Hom( 74 , Ri) = {0}. However, Bi G B G A? is an abelian K- 
subvariety of and therefore there is a surjective homomorphism A^ ^ B 
and therefore there exists a nonzero homomorphism A ^ B. This is a con¬ 
tradiction, which proves that B = Bq, the right End(H)-module Hom(H, R) 
is isomorphic to M, and A and B are isogenous over K. In particular, 
dim (H) = dim {B). This proves (i). 

Let £ be a prime. Since M 0 is a free right End(H) 0 Z^-module of 
rank 1, Hom(y4, B) 0 Z^ is a free right End(y4) 0 Z^-module of rank 1. Let 
us choose a generator 0 G Hom(y4, B) of the module Hom(H, B) 0 Z^. The 
surjection 7 : —)■ R C is dehned by a certain pair of homomorphisms 
01 , 02 : ^ R, i.e., 

7 (a;i, X2) = 01 (xi) -f- 02(0:2) V(a:i, 0:2) G 
Since 0 is the generator, there are Ui, U 2 G End(H) 0 Z^ such that 

01 = 0Ml, 01 = 0Ml 
in Hom(H, B) 0 Z^. It follows that 

7(H^[£]) = 0i(H[£]) -f- 02(H[£]) = (f)Ui{A[i]) + (j)U2{A[i]) G 0(H[£]) c B[i]. 
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By (**), 7(^^[^]) = B[^]. This implies that 0 induces a surjective homomor¬ 
phism A[l] —)■ B[(i]. Since hnite groups A[(] and B[l] have the same order, 
(j) induces an isomorphism A[^] —)■ B[^]. This implies that ker(0) does not 
contain points of order ^ and therefore is an isogeny of degree prime to i. 
This proves (iii). □ 

Corollary 5.9 Suppose that for each i = 1,2 we are given a commutative 
free group Mi of finite positive rank provided with the structure of a right 
locally free End{A)-module of rank 1. Then abelian varieties Bi = A® Mi 
and B 2 = A® M 2 are isomorphic over K if and only if the Eiad{A)-modules 
Ml and M 2 are isomorphic. 

Proof. By Theorem I5.8f ii). the right End(y4)-module Eom.{A,Bi) is iso¬ 
morphic to Mi. Now the result follows from Theorem l5.8f iiB combined with 
Corollary 15.51 □ 

Corollary 5.10 Let A and B he abelian varieties over K of positive dimen¬ 
sion. Suppose that the Galois modules T(^{A) and Ti{B) are isomorphic for all 
primes 1. Then abelian varieties B and C := yl0Hom(74, B) are isomorphic 
over K. 

Proof. By Theorem I5.8f ii). the right End (A)-module Hom(y4, C) is iso¬ 
morphic to Hom(y4,i?). Now the result follows from Theorem l5.8f iiB com¬ 
bined with Corollary 15.51 □ 

Remark Suppose that A is the product Ai x A 2 where Ai and A 2 are 
abelian varieties of positive dimension over K with Hom(74i,742) = {0}. 
Then End(74) = End(y4i) © End(y42). Suppose that for each i = 1,2 we are 
given a commutative free group Mj of hnite positive rank provided with the 
structure of a right locally free End(ylj)-module of rank 1. Then the direct 
sum M = Ml®M 2 becomes a right locally free module of rank 1 over the ring 
End(Ai) © End(A 2 ) = End(y4). There is an obvious canonical isomorphism 
between abelian varieties A® M and {Ai ® Mi) x (^42 ® M 2 ) over K. 

For example, suppose Ai is principally polarized, End(y4i) = Z and all 
.^-endomorphisms of A are dehned over iC; in particular, A is absolutely 
simple. Let us take Mi = Z. Let ^42 be an elliptic curve such that End(y42) 
is the ring of integers in an imaginary quadratic held with class number > 1. 
Clearly, Hom(74i, A 2 ) = {0}. Actually, every .A-homomorphism between Ai 
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and A 2 is 0. Let M 2 be a non-principal ideal in End(y42). Then elliptic curves 
A 2 and A 2 ® M are almost isomorphic but are not isomorphic over K and 
even over K. This implies that A®M = AiX {A 2 ®M 2 ) is almost isomorphic 
over K but is not isomorphic to A = Ai x A 2 over K. On the other hand, 
both A and A®M are principally polarized, since Ai is principally polarized 
while both A 2 and A 2 ® M 2 are elliptic curves. 


6 Moduli of curves 

The moduli space of smooth projective curves of genus g is denoted by M.g. 
It is also an orbifold and we will consider its fundamental group as such. For 
dehnitions see [12]. It is dehned over Q and thus we can consider it over an 
arbitrary number held K. As per our earlier conventions, Mg is the base 
change of Mg to an algebraic closure of Q and not a compactihcation. 

Let X be a curve of genus g dehned over K. There is a map (an arithmetic 
analogue of the Dehn-Nielsen-Baer theorem, see |2B], in particular, lemma 
2.1) p : 7ri(Alg) Out(7ri(X)). This follows by considering the universal 
curve Cg of genus g together with the map Cg —)■ Mg, so X can be viewed as 
a hber of this map. This gives rise to the hbration exact sequence 

1 —)■ 7ri(X) —)■ vri(Cg) —)■ Tii{Mg) —)■ 1 

and the action of T^iiCg) on vri(X) gives p. Now, X, viewed as a point on 
Mg(K), gives a map aMg/K(X) : Gk — t Tii{Mg). As pointed out in [28] . 
P ° (^Mg/K{,X) induces a map Gk —t Out(7ri(X)) which is none other than 
the map obtained from the exact sequence dl]) by letting 7ri(X) act on 7ri(X) 
by conjugation. Combining this with Mochizuki’s theorem 12.11 gives: 

Theorem 6.1 For any field K contained in a finite extension of a p-adic 
field, the section map oj^^jK is injective. 

The following result conhrms a conjecture of Stoll [H] if we assume that 
^Mg/K surjects onto S'o(iL, Adg). 

Theorem 6.2 Assume that aM^/K{Mg{K)) = So{K,Aig) for all g > 1 and 
all number fields K. Then crx/ii'(X(iC)) = S{K,X) for all smooth projective 
curves of genus at least two and all number fields K. 
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Proof. For any algebraic curve X/K there is a non-constant map X —)■ 
Xig with image Y , say, for some dehned over an extension L of K, given 
by the Kodaira-Parshin construction. This gives a map 7 : 'Ki{X (g) L) —)■ 
7 Ti{Xig (g) L), over L. Let s G S{K, X), then 7 o (sIg^) G S'o(L, A 4 g) and the 
assumption of the theorem yields that 7 o (sIg^) = o'Mg/LiP), P ^ 

We can combine this with the injectivity of jK^ (Mochizuki’s theorem) 
to deduce that in fact P G Y{Ly) fl Aig(L) = Y{L). We can consider the 
pullback to X of the Galois orbit of P, which gives us a zero dimensional 
scheme in X having points locally everywhere and, moreover, being unob¬ 
structed by every abelian cover coming from an abelian cover of X. By the 
work of Stoll [IH], Proposition 5.2, we conclude that X has a rational point 
corresponding to s. □ 
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